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Abstract 
In this paper, we present a new model, hollow Gaussian-Schell model beams (HGSMBs), to 
describe the practical dark hollow beams. An analytical propagation formula for HGSMBs passing 
through a paraxial first-order optical system is derived based on the theory of coherence. Based on 
the derived formula, an application example showing the influence of spatial coherence on the 
propagation of beams is illustrated. It is found that the beam propagating properties of HGSMBs 
will be greatly affected by their spatial coherence. Our model provides a very convenient way for 
analyzing the propagation properties of partially coherent dark hollow beams. © 2007 Elsevier 
Science B. V. All rights reserved. 
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1. Introduction 
Recently, dark hollow beams, which are also called all-light guides (ALGs), have been paid a 
lot of attention [1-6] due to their potential applications in atom optics. These ALGs are very useful 
tools for atom lithography [2], atom interferometry [7], and atomic spectroscopy, and also for 
transporting and manipulating Bose-Einstein condensates of atoms [3, 8-9] and micro-sized particles 
[10]. There are various of methods for generating a dark hollow beam, such as the mode selection 
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method by designing a particular laser cavity [11-12], the computer-generated hologram method with 
an interference pattern recorded on a film [13], the geometrical optical method by combining of three 
axicons and a simple lens [8], and the methods by using the vortex gratings [14] , hollow-core fiber 
[15], refractive conical lenses [16], and self-phase modulation [17], and so on. 
Theoretically, several models are introduced to describe dark hollow beams. One of them is a 
TEM01* mode beam, this is the simplest model. There are also some other models to describe dark 
hollow beams, such as the high-order Laguerre-Gaussian beams [4, 18-19], high-order Bessel beams 
[20], and controllable dark-hollow beams [5, 21-22]. Recently, Zhang et al. presented a new model 
named hollow Gaussian beams (HGBs) to describe the dark hollow beam, and they also experimentally 
verified that such HGBs can be generated by designing the laser cavity with diffraction optical 
elements [12]. It has been proven that HGBs can be expressed as a superposition of a series of 
Lagurere-Gaussian modes [5]. However, all previous investigations have been limited within the fully 
coherent case, and most practical beams are partially coherent because any completely coherent beam 
does not exist in the strict sense. Furthermore, in practice, multimode oscillation always results in 
partial coherent [23-24]. As yet, the propagation properties of partially coherent dark hollow beams are 
little studied, then the problem arise here is that how the spatial coherent of light beam affects on the 
propagation properties of the dark hollow beams. In this communication, we propose a new model 
named hollow Gaussian-Schell model beams (HGSMBs) to describe the practical dark hollow beams. 
We derive a general propagating formula of the HGSMB through a paraxial ABCD optical system. It is 
found that the propagating properties of HGSMBs will be greatly affected by their spatial coherence. 
Our numerical example indicates that the range of dark-hollow region will be greatly affected by the 
coherence of the beam. 
2. Definition of HGSMBs 
For a coherent HGB, in rectangular coordinates its electric field at 0=z  could be defined by 
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where the integer ,...2,1,0=n  is the order of the HGB, and 0G  is a constant. For 0=n , Eq. (1) 
reduces to a fundamental Gaussian beam with the beam half-width Iσ . For L,3,2,1=n , there is a 
dark region at the center area of the transverse profile and this dark region could be controlled by 
changing the integer n , the radius of the bright ring of the HGB increases as the integer n  increases, 
so does the area of the dark region of the HGBs.  
Based on the theory of coherence, the cross-spectral density for a partially coherent beam 
generated by a Schell-model source at the initial plane 0=z  can be expressed in the following 
well-known form [25]:  
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where )0,,( ii yxI  ( 2,1=i ) are the intensity distribution of the source, and )0,,( 2121 yyxx −−µ  is the 
spectral degree of coherence given by 
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Here gσ  is called the transverse coherence width of the source, and it denotes the spatial coherence. 
From Eq. (1), we can obtain the intensity distribution for the coherent HGB given by  
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From Eq. (2), it is obvious that the intensity distribution (at the initial plane) for a partially coherent 
Schell-model beam [25] is the same for the beams with different spatial coherence (i. e., different 
values of gσ ). Therefore, from Eq. (2), (3) and (4), the cross-spectral density of partially coherent 
HGBs can be expressed as follows: 
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Equation (5) describes the cross-spectral density of a partially coherent HGB at the initial plane. From 
Eq. (5), we easily find that the intensity profiles of partially coherent HGBs at 0=z  are the same 
when gσ  changes from zero (fully incoherent) to infinity (fully coherent). Similar to the Gaussian 
Schell-model beams [25], the beams described by Eq. (5) may be called as hollow Gaussian 
Schell-model beams (HGSMBs). Therefore, Eq. (5) may give an explicit expression for describing the 
practical dark hollow beams with a controllable dark region and the adjustable spatial coherence. 
 
3 Propagating formula of HGSMBs 
Now let us consider the propagation of a HGSMB passing through a paraxial ABCD optical 
system. It is well known that the propagation of a coherent beam passing through a paraxial ABCD 
optical can be treated by the Collins formula [26-27] as follows: 
      ( ) ( ) [ ] dxdyvuDyvxuyxA
B
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B
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where λπ /2=k  is the wave number, λ  is the wavelength, and A , B  and D  denote the transfer 
matrix elements of the paraxial optical system. 
 For the partially coherent fields, we can assume that the fields at the two arbitrary points ),( 11 yx  
and ),( 22 yx  in the incident plane 0=z  are ),( 11 yxE  and ),( 22 yxE , respectively, and the fields at 
two arbitrary points ),( 11 vu  and ),( 22 vu  in the output plane z  are ),( 11 vuE  and ),( 22 vuE , 
respectively. Then the cross-spectral density in the incident and output planes could be expressed by 
[25] )0,,()0,,()0;,,,( 22
*
112211 yxEyxEyxyxW =  and ),,(),,();,,,( 22*112211 zvuEzvuEzvuvuW = , 
where  denotes an ensemble average. Using Eq. (6), it is easy to find that the propagation formula 
for the cross-spectral density of a partially coherent beam through a paraxial ABCD optical system as 
follows: 
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Here we have assumed the paraxial optical system to be stationary stable in the above equation. 
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relations, we readily find that the cross-spectral density of the HGSMB in the initial plane can be 
expressed in the form: 
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where )2/(1)4/(1 22 gla σσ += . On substituting Eq. (8) into Eq. (7), and applying the following integral 
transformations [29]:  
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after the tedious calculation, we can obtain the expression for the cross-spectral density of the output 
HGSMB:   
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where )2/( 111 BikAaP −= , )2/( 222 BikAaP += , )(xDn  is the parabolic cylinder function, and )(xH n  
is the Hermite polynomials. With the help of the extension form of Mehler’s formula [30]: 
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we can get the final expression of the cross-spectral density of the output HGSMB: 
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where 2/121
2 )(2 PPgση = . Equation (12) is the general propagation formula for HGSMBs passing 
through the paraxial ABCD optical system. It provides a convenient and powerful tool for treating the 
propagation and transformation of HGSMBs and is very helpful for describing the partially coherent 
dark hollow beams when one considers the effect of spatial coherence on the beam propagation. 
Obviously it is easily to verify that when 0=n , Eq. (12) could be simplified into the expression for 
Gaussian Schell-Model beams [25]. It should be pointed out that our model is different from that in Ref. 
[22], which deals with another kind of controllable dark hollow beams with rectangular symmetry. 
 
4. An example 
As an application example, we study the evolution of the intensity distribution of HGSMBs 
passing through the free space in order to examine the influence of the degree of coherence on its 
propagation properties. The transfer matrix elements of the free space of distance z  are given by 
121 == AA , zBB == 21 , 021 == CC , and 121 == DD . In all the following simulations we take 
the parameters as follows: 1=Iσ mm, 632.8nm＝λ , and the Rayleigh distance λπσ 2IRz = . Figure 
1 and 2 show the typical effect of spatial coherence on the evolution of the intensity distributions of the 
different HGSMBs for the two cases of 1=n  and 5=n . It is clearly seen that for the beam with large 
spatial coherence, the hollow Gaussian beam could keep the dark region for a long distance; however, 
as the decreasing of the spatial coherence, the dark region of the beam shrinks and becomes smaller and 
smaller and the divergent angle of the beam becomes larger and larger. It also shows that the higher 
order HGSMB could keep the dark region in much longer propagating distance, compared with the 
case of the lower order HGSMB. Thus it indicates that for the practical HGSMB, the spatial coherence 
will greatly affect the application of the dark hollow beam in manipulating or guiding the cold atoms. 
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5. Conclusion 
In summary, we have introduced a new partially coherent HGSMB model to describe the practical 
dark hollow beams. Based on the theory of coherence, a general propagating formula of the HGSMB 
passing through a paraxial ABCD optical system has been analytically obtained. Based on the derived 
formula, we have given out an application example to illustrate the influence of spatial coherence on 
the propagation properties of beams. We find that the beam propagating properties of HGSMBs will be 
greatly affected by their spatial coherence. Our results provide a very convenient way for analyzing the 
propagation properties of partially coherent dark hollow beams and can be used to analyze the optical 
trapping or guiding for manipulating atoms and micro-sized particles.  
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FIGURE CAPTIONS 
Fig.1: The relative intensity distributions of partially coherent HGSMBs propagating through the free 
space in the zx −  plane with different spatial coherence (a) 10/ =Ig σσ ，(b) 1/ =Ig σσ , (c) 
5.0/ =Ig σσ  and (d) 1.0/ =Ig σσ . Here we take the order 1=n . 
Fig.2: The relative intensity distributions of partially coherent HGSMBs propagating through the free 
space in the zx −  plane with different spatial coherence (a) 10/ =Ig σσ ，(b) 1/ =Ig σσ , (c) 
5.0/ =Ig σσ  and (d) 1.0/ =Ig σσ . Here we take the order 5=n . 
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Wang et al. FIGURE 2 
 
 
 
